We have measured magnetotransport of the two-dimensional electron gas in a Hall bar geometry in the presence of small carrier density gradients. We find that the longitudinal resistances measured at both sides of the Hall bar interchange by reversing the polarity of the magnetic field. We offer a simple explanation for this effect and discuss implications for extracting conductivity flow diagrams of the integer quantum Hall effect. q
Introduction
The primary technique for probing the two-dimensional (2D) electron gas in semiconductor heterostructures is magnetotransport. In practice, this is realized by passing a constant current I through a Hall bar, i.e. a rectangular sample with several contact pads for sensing the longitudinal voltage V xx and the transverse or Hall voltage V xy : For a homogeneous sample, three voltage contacts are sufficient to determine the longitudinal and transverse resistances, R xx ¼ V xx =I and R xy ¼ V xy =I: However, in the presence of macroscopic sample inhomogeneities, i.e. inhomogeneities on a scale much larger than the typical microscopic length scales of the electron gas, the resulting resistances present average values. If the length scale of the inhomogeneities is comparable to the sample size, information about the inhomogeneities can be obtained by placing additional contacts on the sample. An example of a macroscopic inhomogeneity is a spatial variation in the carrier density, such as a small gradient along the channel direction. Such gradients are common in Hall bars and arise directly from the growth process. Besides, the spatial variation might depend on the cooling procedure. The influence of macroscopic sample inhomogeneities, geometrical effects and contacts on magnetotransport data taken from Hall bars has been investigated by a number of authors. For example, von Klitzing and Ebert [1] investigated a Hall bar with a fairly large carrier density variation (, 10%). They reported differences in the longitudinal resistances measured on both sides of the Hall bar, as well as a strong dependence of the amplitude of the Shubnikov-de Haas oscillations on the magnetic field polarity. Geometrical effects of Hall bars, such as the influence of the channel width, the position of contacts, etc. have been investigated in detail by Haug [2] , who observed, for instance, an asymmetric Shubnikov-de Haas effect on a long Hall bar without noticeable carrier density gradients. This effect persisted when the direction of the magnetic field was reversed and was attributed to the proximity of the voltage and current contacts on the Hall bar. The influence of the contact geometry and size has been studied experimentally by e.g. Woltjer et al. [3] These authors explained a number of unusual observations in terms of a local resistivity tensor.
In the course of a low-temperature magnetotransport study of the quantum Hall effect, we noted an interesting phenomenon in the R xx data: upon reversing the polarity of the magnetic field the longitudinal resistances measured on top and bottom sides of the Hall bar, R In this paper, we present magnetotransport data obtained from various quantum wells. All samples showed the interchange of R t xx and R b xx upon field reversal. We offer a simple explanation for this phenomenon, namely a small carrier gradient along the channel direction of the Hall bar. For the sake of clarity we stress that we do not report here on the well-known reverse-field reciprocity for conducting specimens in a magnetic field [4, 5] , which says that upon reversing the polarity of the magnetic field, the same resistance is obtained when the voltage and current contacts are interchanged.
The results presented here are important for the study of conductivity flow diagrams of the quantum Hall effect. They show that complications may arise when critical conductivities are extracted in the standard fashion from experimentally obtained resistivities on the plateau-plateau transitions.
Experimental
Magnetotransport experiments have been performed on different semiconductor structures: high-mobility ðm , 300; 000 cm 2 =V sÞ GaAs/AlGaAs quantum wells and lowmobility ðm , 20; 000 cm 2 =V sÞ GaInAs/AlInAs quantum wells. The electron densities for all our samples were fairly low ðn e ¼ 1:8 -6:1 £ 10 11 cm 22 Þ; such that all samples showed distinct quantum Hall features within our available magnetic field range ðB # 8 TÞ: In some cases the electron density was increased by illumination with a LED at T ¼ 4:2 K: Samples were selected such that no carrier relaxation occurred during the measurements. Throughout this paper we label the voltage contacts on the Hall bar as sketched in over the sample, the spatial distribution of filling factors matches that of the electron density n e : Hence, the filling factor between contacts 3 and 5 is always larger than the one between 4 and 6. However, their ratio is field independent and equal to the ratio of local densities. This is corroborated by the insert in Fig. 2 , where we have traced the experimental values of the shift DB=B; measured halfway the PP transitions, versus filling factor 2 , n , 6: We extract a carrier density difference Dn e =n e ¼ DB=B ¼ 0:017.
Next, we present in Fig. 3 the longitudinal resistances R (Fig. 6) is not as pronounced as for the GaAs/AlGaAs quantum well, but nevertheless significant. After illumination ðn e ¼ 3:6 £ 10 11 cm 22 Þ Dn e =n e ¼ 0:006 and the antisymmetry effect is reduced. Magnetotransport measurements on a second Hall bar, prepared from the same wafer, with n e ¼ 2:2 £ 10 11 cm 22 show a comparable Dn e =n e , 0:018 and the corresponding antisymmetry effect.
The effect of a carrier density gradient
In the following we show that the observed asymmetry effect can be accounted for by a small carrier density gradient in the sample. Let us assume that the carrier density gradient points from the left current contact to the right one. In this case, R l xy and R r xy are slightly different. We define
and for the difference in the longitudinal resistances measured at both sides of the Hall bar
For a perfect Hall bar DR xy ¼ 0 and DR xx ¼ 0: Since Fig. 4(a) with DR xy in Fig. 4(b) ).
Plateau-plateau transitions
The effect of a carrier density gradient on the magnetotransport data as described here is in fact generally applicable to any 2D and 3D system, as follows from Eq. (4). However, the effect can be dramatically large for 2D quantum Hall samples, because of the steep slope of R xy ðBÞ at the plateau -plateau (PP) transitions. Consequently, our findings yield important constraints on the construction of the conductivity flow diagrams of the PP transitions [6] . In the following paragraphs, a formal treatment of magnetotransport at the PP transition in the presence of a small carrier density gradient is presented.
We start from the usual equations for the Hall bar geometry, which tell us that a uniform current density j x results from an applied electric field E x along the channel direction ðxÞ:
Here j y ¼ 0 and r 0 and r H are the longitudinal and Hall resistivity for a perfectly homogeneous sample. In a simple model for sample inhomogeneities we assume that the critical field B p or filling fraction n p for the PP transition varies linearly in x due to a gradient in the carrier density. At the PP transition the Hall resistivity slopes from one Hall plateau to the other, while the longitudinal resistivity forms a peak, so that l›r H =›Bl q l›r 0 =›Bl: As such, an x-dependence of the local filling factor nðxÞ therefore mainly affects the electric field component E y :
This result, however, violates an important condition for having a stationary state, i.e. the electric field must be rotation free 7 £ E ¼ 0: To satisfy this condition we proceed by inserting a y-dependent current density j x ! j x ð1 þ byÞ; where b ¼ a=r 0 : Working to linear order in the coordinates x and y we can write
Hence
are the appropriate equations for the PP transition. Notice that the stationary state condition 7 £ E ¼ 0 and charge conservation 7·j ¼ 0 are satisfied. The longitudinal resistance at the top and bottom and the Hall resistance at the left and right contacts of the Hall bar are given by
where we take zero coordinates ðx; yÞ at the center of the Hall bar. When B ! 2B; r H and a change sign, but r 0 remains unchanged. The results therefore explain the observed asymmetry at the PP transition, R
p Þ: Notice that with this specific form of a; Eqs. (13) and (14) can be regarded as a Taylor expansion of a local Hall resistance r H at values x ¼^L=2:
Discussion
Eqs. (11)- (14) show that the probed Hall resistance R xy is a local resistance, and that the longitudinal resistance R xx is not identical under field reversal. This gives rise to complications in extracting the conductivity components s xx ¼ r xx =ðr xy we obtain four different s xx ; s xy curves for one field direction (for the reverse field direction identical curves are obtained, but the R xx ; R xy labelling is different). Clearly, all curves show strong deviations from the 'ideal' semicircle relation [6, 7] and n ¼ 7 and 5 for the i ¼ 4 ! 3 and 3 ! 2 PP transitions, respectively. After illumination, the density increases and the sample becomes more homogeneous as can be concluded from Fig. 8(a) Fig. 8(b) , which follows quite close the semicircle relation with n ¼ 11:
Temperature driven s xx ; s xy flow diagrams are an important experimental test of the two-parameter renormalization group theory of the quantum Hall effect [6, 8] . In the scaling theory of the quantum Hall effect [6] the critical resistivity r 0 ðB p Þ (or critical conductivity s 0 ðB p Þ ¼ s p ) at the PP transition is a constant when T ! 0: The presence of a carrier density gradient, therefore, brings about a second complication in analyzing magnetotransport data, as the parameter a varies with temperature through ›r H =›n; namely a strong temperature variation of R 
